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Abstract
The evaluation of the energy-momentum distribution for a new four-dimensional,
spherically symmetric, static and charged black hole spacetime geometry with
constant non-zero topological Euler density is performed by using the energy-
momentum complexes of Einstein and Møller. This black hole solution was recently
developed in the context of the coupled Einstein–non-linear electrodynamics of the
Born-Infeld type. The energy is found to depend on the mass M and the charge q
of the black hole, the cosmological constant Λ and the radial coordinate r, while
in both prescriptions all the momenta vanish. Some limiting and particular cases
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are analyzed and discussed, illustrating the rather extraordinary character of the
spacetime geometry considered.
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1 Introduction
The issue of energy-momentum localization systematised researchers’ work in a special
way. Looking deeply into the problem, it was clear that the main difficulty consists in
the lack of a proper definition for the energy density of gravitational backgrounds. In
this light, much research work has been done over the last years concerning the best
tools used for the energy-momentum localization. A brief survey points out the lead-
ing role played notably by super-energy tensors [1]-[4], quasi-local expressions [5]-[10]
and the famous energy-momentum complexes of Einstein [11]-[12], Landau-Lifshitz [13],
Papapetrou [14], Bergmann-Thomson [15], Møller [16] and Weinberg [17]. Among the
aforementioned computational tools, the energy-momentum complexes have been proven
to be interesting and useful as well due to the diverse and numerous reasonable expres-
sions that can be obtained by their application. Some observations are in order here.
First, according to their underlying mathematical mechanism, their construction involves
the use of two parts, one for the matter and one for the gravitational field. Second, de-
spite the fact that the energy-momentum complexes allow one to obtain many interesting
and physically meaningful results for different space-time geometries, their construction
is connected to an inherent central problem, namely their coordinate dependence. As
it is well-known from the relevant literature, this problem has found a solution in the
case of the Møller energy-momentum complex. Indeed, the calculations for the energy-
momentum of a given gravitational background in the Møller prescription enable the use
of any coordinates such that the energy density component transforms as a four-vector
density under purely spatial coordinate transformations for metrics with a line element
of the form ds2 = g00dt
2 − gijdxidxj. As for the other energy-momentum complexes,
the Schwarzschild Cartesian coordinates and the Kerr-Schild Cartesian coordinates have
to be utilised for the calculations providing physically reasonable results for the cases
of space-time geometries in (3 + 1), (2 + 1) and (1 + 1) dimensions (see, e.g., [18]-[34]
and references therein). At this point it should be noticed that, in order to avoid the
coordinate dependence, an alternative method for the computation of the energy and
momentum distributions is provided by the teleparallel equivalent of general relativity
and certain modified versions of the teleparallel theory (see, e.g., [35]-[40] and references
therein).
Regarding the Einstein, Landau-Lifshitz, Papapetrou, Bergmann-Thomson, Wein-
berg and Møller energy-momentum complexes there is an agreement with the defini-
tion of the quasi-local mass introduced by Penrose [41] and developed by Tod [42] for
some gravitational backgrounds. We point out that some rather recent works show that
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several energy-momentum complexes “provide the same results” for any metric of the
Kerr-Schild class and indeed even for solutions that are more general than those of the
Kerr-Schild class (see, e.g., [43] and [44], and the interesting article [45] on the sub-
ject). Further, the entire historical development of the energy-momentum complexes
that started with the formulation of their definitions also includes the attempts made for
their rehabilitation [46]-[49]. In this sense, perhaps the most interesting issue was the
fact that different energy-momentum complexes yield the same results for the energy-
momentum distribution in the case of various gravitating systems.
The present paper has the following structure: in Section 2 we describe the new class
of four-dimensional spherically symmetric, static and charged black hole solutions with
constant non-zero topological Euler density which we will consider. Section 3 focuses
on the presentation of the Einstein and Møller prescriptions used for performing the
calculations. In Section 4 we present the calculations and the results obtained for the
energy and momentum distributions. Finally, in the Discussion provided in Section 5,
we give a brief description of the results obtained as well as some limiting and particular
cases. Throughout we use geometrized units (c = G = 1) and the signature chosen
is (+,−,−,−). Further, the calculations are performed by using the Schwarzschild
Cartesian coordinates {t, x, y, z} for the Einstein energy-momentum complex and the
Schwarzschild coordinates {t, r, θ, ϕ} for the Møller energy-momentum complex. Finally,
Greek indices run from 0 to 3, while Latin indices range from 1 to 3.
2 Description of the New Black Hole Solution with
Constant Topological Euler Density
This section deals with the presentation of the new four-dimensional spherically symmet-
ric, static and charged black hole solution with constant topological Euler density [50]
examined in the present study. Connecting geometry with topology, from the generalised
Gauss–Bonnet theorem (see, e.g. [51]) applied to four dimensions the Euler–Poincare´
characteristic is obtained by the integral of the Euler density
G = 1
32pi2
(RκλµνRκλµν − 4RκλRκλ +R2), (1)
where Rκλµν is the Riemann curvature tensor, Rκλ is the Ricci tensor, and R is the Ricci
scalar1. For a general, spherically symmetric and static geometry described by the line
element
ds2 = f(r)dt2 − f(r)−1dr2 − r2(dθ2 + sin2 θdϕ2) (2)
eq. (1) becomes
G = 4
r2
{f ′(r)2 + [f(r)− 1]f ′′(r)}, (3)
1Often the topological Euler density is given without the factor 1/32pi2 (see, e.g. [52]). In fact, the
terms in the parenthesis constitute the so-called “quadratic Gauss-Bonnet term” in the Lovelock gravity
Lagrangian.
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where the constant 32pi2 has been absorbed in G. For constant topological density
G = α 6= 0, Eq. (3) gives for the metric function
f(r) = 1±
(
1− 2A+Br + αr
4
24
)1/2
, (4)
with A, B arbitrary constants. In what follows, we will keep only the negative sign of
Eq. (4), as it is the one leading to black hole solutions.
The new solution derived in [50] is based on the coupling of gravity to non-linear
electromagnetic fields as described by the non-linear generalisation of Maxwell’s electro-
dynamics according to the Born–Infeld theory. Thus, in the chosen case of electrovacuum,
the radial electric field
E(r) =
r2
4q
(4RµνRµν −R2)1/2 (5)
where q the electric charge, solves the Einstein–non-linear electrodynamics coupled sys-
tem with the Ricci tensor Rµν and the Ricci scalar R calculated by using the line element
(2) and the metric function (4). In fact, with the values A = 1
2
+ q
2Λ
3
, B = 4MΛ
3
and
α = 8Λ
2
3
, with Λ is the cosmological constant and M is the mass of the black hole, the
line element (2) with the metric function (4) becomes
ds2 =
[
1−
√
4MΛr
3
+
Λ2r4
9
− 2q
2Λ
3
]
dt2
−
[
1−
√
4MΛr
3
+
Λ2r4
9
− 2q
2Λ
3
]−1
dr2 − r2(dθ2 + sin2 θ dϕ2),
(6)
describing a Reissner–Nordstro¨m–de Sitter black hole spacetime geometry.
Now one can distinguish between two different cases, namely the massive case (M 6=
0) and the massless case (M = 0). In the first case, Eq. (6), when q = 0 and Λ > 0, shows
that the geometry is regular everywhere except at the origin r = 0. However, this case
has no particular interest from the electrodynamic viewpoint. Black hole solutions with
zero mass were proposed as a conjecture by A. Strominger [53] in order to explain conifold
singularities in the context of string theory. In particular, the ten-dimensional IIA (resp.
IIB) string theory admits black D2- (resp. D3-) brane solutions with a mass proportional
to their area. After applying a Calabi-Yau compactification these solutions may wrap
around minimal 2-surfaces (resp. 3-surfaces) in the Calabi-Yau space and they appear as
four-dimensional black holes. As the area of the surface around which they wrap is let to
go to zero, the corresponding extremal black holes become massless, topologically stable,
structures. In fact, the existence of stable black hole solutions with zero ADM mass was
shown in [54] although their relation to the massless solutions suggested in [53] is still
not clarified. Indeed, since then there has been an increasing interest in massless black
hole solutions (see, e.g. [55]-[56] and references therein). Recently, massless black hole
solutions were obtained from the dyonic black hole solution of the Einstein–Maxwell–
dilaton thery [57]. Although the black hole solution examined here does not originate
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from string theory we will proceed to the consideration of the massless (M = 0) case
despite its physically dubious character.
Thus for M = 0, the line element (6) becomes
ds2 =
[
1−
√
Λ2r4
9
− 2q
2Λ
3
]
dt2−
[
1−
√
Λ2r4
9
− 2q
2Λ
3
]−1
dr2−r2(dθ2+sin2 θ dϕ2). (7)
Here, when q = 0 and Λ 6= 0 the de Sitter solution is obtained, while for q 6= 0 but Λ = 0
one gets the Minkowski solution. In the case q 6= 0 and Λ < 0, an event horizon exists
and the spacetime is singular at the origin r = 0, while the electric field is everywhere
regularisable. An overall detailed study of the black hole’s behaviour in the massive as
well as in the massless case is presented in [50].
3 Einstein and Møller Energy-Momentum Complexes
In this section we outline the definitions of the Einstein and Møller energy-momentum
complexes.
The expression for the Einstein energy-momentum complex [11] in the case of a
(3+1)-dimensional gravitational background was later found to be given by
θµν =
1
16pi
hµλν, λ. (8)
The Freud superpotentials hµλν in (8) are calculated by the compact formula (found by
Landau and Lifshitz)
hµλν =
1√−ggνσ
[−g(gµσgλκ − gλσgµκ)]
,κ
(9)
and satisfy the antisymmetric property
hµλν = −hλµν . (10)
We notice that in the Einstein prescription the local conservation law is respected:
θµν, µ = 0. (11)
Consequently, the energy and momentum can be calculated in Einstein’s prescription by
Pν =
∫∫∫
θ0ν dx
1dx2dx3. (12)
Here, θ00 and θ
0
i represent the energy and momentum density components, respectively.
Applying Gauss’ theorem, the energy-momentum reads
Pµ =
1
16pi
∫∫
h0iµ nidS, (13)
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with ni the outward unit normal vector over the surface dS. In Eq. (13) the component
P0 represents the energy.
According to [16], the Møller energy-momentum complex is
J µν =
1
8pi
Mµλν , λ, (14)
with the Møller superpotentials Mµλν given by
Mµλν =
√−g
(
∂gνσ
∂xκ
− ∂gνκ
∂xσ
)
gµκgλσ. (15)
The Møller superpotentials Mµλν satisfy the antisymmetric property
Mµλν = −Mλµν . (16)
As in the case of the Einstein prescription, in the Møller prescription the local conser-
vation law is also satisfied:
∂J µν
∂xµ
= 0. (17)
In (17) the component J 00 represents the energy density and the J 0i give the momentum
density components.
For the Møller energy-momentum complex, the energy-momentum distributions are
given by
Pν =
∫∫∫
J 0ν dx1dx2dx3. (18)
In particular, the energy distribution can be computed by
E =
∫∫∫
J 00 dx1dx2dx3. (19)
Using Gauss’ theorem one gets
Pν =
1
8pi
∫∫
M0iν nidS, (20)
where, again, ni is the outward unit normal vector over the surface dS.
4 Energy and Momentum Distribution for the Black
Hole Solution with Constant Topological Euler Den-
sity
To compute the energy and momenta with the Einstein energy-momentum complex, we
have to transform the metric given by the line element (6) in Schwarzschild Cartesian
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coordinates by using the coordinate transformation x = r sin θ cosϕ, y = r sin θ sinϕ,
z = r cos θ. Thus, we obtain a new form for the line element:
ds2 = f(r)dt2 − (dx2 + dy2 + dz2)− f
−1(r)− 1
r2
(xdx+ ydy + zdz)2. (21)
In Schwarzschild Cartesian coordinates for ν = 0, 1, 2, 3 and i = 1, 2, 3 we find the
following vanishing components of the superpotentials h0iν :
h011 = h
02
1 = h
03
1 = 0,
h012 = h
02
2 = h
03
2 = 0,
h013 = h
02
3 = h
03
3 = 0.
(22)
In order to compute the non-vanishing components of the superpotentials in the Einstein
prescription we use (9) and we obtain the following expressions:
h010 =
2x
r2
√
4MΛr
3
+
Λ2r4
9
− 2 q
2 Λ
3
, (23)
h020 =
2y
r2
√
4MΛr
3
+
Λ2r4
9
− 2q
2Λ
3
, (24)
h030 =
2z
r2
√
4MΛr
3
+
Λ2r4
9
− 2q
2Λ
3
. (25)
With the aid of the line element (21), the expression for the energy given by (13) and
the expressions (23)-(25) for the superpotentials, we get the energy distribution for the
examined black hole in the Einstein prescription:
EE =
r
2
√
4MΛr
3
+
Λ2r4
9
− 2q
2Λ
3
. (26)
In order to calculate the momentum components we employ (13) and (22) and performing
the calculations we find that all the momenta vanish:
Px = Py = Pz = 0. (27)
In the Møller prescription we perform the calculations in Schwarzschild coordinates
{t, r, θ, ϕ} with the aid of the line element (6) and we find only one non-vanishing su-
perpotential:
M010 = −
1
6
12M Λ + 4 Λ2 r3√
12M Λ r + Λ2 r4 − 6 q2 Λr
2 sin θ. (28)
Using the above expression for the superpotential and the expression for the energy
obtained from (20), we get the energy in the Møller prescription:
EM = − r
2
12
12MΛ + 4Λ2r3√
12MΛ r + Λ2r4 − 6q2Λ . (29)
Finally, all the momenta are found to be zero:
Pr = Pθ = Pϕ = 0. (30)
7
5 Discussion
Our paper focuses on the analysis of the energy-momentum localization for a new four-
dimensional, spherically symmetric, static and charged black hole spacetime geometry
with constant non-zero topological Euler density, given by the line element (6). The
solution describes a Reissner–Nordstro¨m–de Sitter spacetime geometry as the result of
the coupling of Einstein gravity with non-linear electrodynamics of the Born–Infeld type.
For q = 0 the solution has a near-de Sitter behavior, while for Λ > 0 the solution is
regular everywhere except at the origin r = 0. To perform our study we use the Einstein
and Møller energy-momentum complexes. The calculations provide the well-defined
expressions (26) and (29) for the energy distribution in both prescriptions. These energy
distributions depend on the mass M and the charge q of the black hole, the cosmological
constant Λ and the radial coordinate r, while in both energy-momentum complexes all
the momenta vanish.
In order to study the limiting behavior of the energy distributions obtained by the
Einstein and Møller prescriptions, we consider the energy for r → ∞ in the uncharged
case q = 0 for the massive (M 6= 0) black hole, and for r →∞, Λ = 0 and q = 0 for the
massless (M = 0) black hole.
Starting with the massive black hole (M 6= 0) the results for the limiting cases r →∞
and q = 0 are presented in Table 1.
Energy r →∞ q = 0
EE ∞ r
2
√
4MΛr
3
+
Λ2r4
9
EM −∞ − r
2
12
12MΛ + 4Λ2r3√
12MΛr + Λ2r4
Table 1: Limiting behaviour of the energy of the massive (M 6= 0) black hole solution in
the Einstein and Møller prescriptions.
For the charged (q 6= 0) black hole without cosmological constant (Λ = 0), the
spacetime geometry becomes the Minkowski geometry. If the black hole is uncharged
(q = 0) and the cosmological constant is non-zero (Λ > 0), then the spacetime is regular
everywhere except at the origin r = 0, as it is inferred from the calculation of the
curvature invariants (Kretschmann and Ricci) in [50]. Indeed, the fact that, despite
the regular behavior of the metric, the energy diverges at infinity in both prescriptions,
can possibly be attributed to the de Sitter like asymptotic behavior of the solution.
The evolution of the Einstein energy and of the Møller energy with respect to the r
coordinate, as given by Eqns. (26) and (29), is presented for Λ > 0 and Λ < 0 in Fig. 1.
In fact, the Møller energy given by Eq. (29) is negative for a large range of values for r
and the parameters M , Λ, and q. The observed negativity of the energy might sound
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a note of warning regarding the physical interpretation of this result and, consequently,
the merits of the Møller complex despite the physically acceptable results obtained by
the latter in many other cases. Furthermore, if one considers the behavior of the energy
regarding r, one concludes that the fourth degree polynomial 12MΛ r + Λ2r4 − 6q2Λ in
the denominator of Eq. (29) vanishes for several sets of values for the parameters M ,
Λ, and q with its roots consisting in two real and two complex conjugate solutions. As
a result, at finite distances from the black hole the Einstein energy, given by Eq. (26),
vanishes, while the Møller energy, given by Eq. (29), diverges. Equally interesting is the
vanishing of the third degree polynomial 12MΛ + 4Λ2r3 in the nominator of Eq. (29).
In this case, one real and two complex conjugate solutions are obtained for every finite
value of the mass parameter M and Λ < 0. As a result, the Møller energy vanishes at
finite distances from the black hole. We have not found any plausible explanation for this
rather pathological behavior of the energy in the two prescriptions, beside the fact that
the black hole solution considered is quite peculiar. Some more light could be shed on
this strange state of things through the comparison of the present results with the energy
calculated, from example, by the Landau-Lifshitz and the Weinberg energy-momentum
complexes for the metric considered, a task left for future work.
Figure 1: Evolution of the Einstein energy EE (left) and of the Møller energy EM (right)
with respect to the r coordinate for the massive and charged black hole. In both cases
we have chosen M = 1 and q = 1, while the red line and the green line correspond to
Λ = 1 and Λ = −1, respectively.
In the massless case (M = 0), when the black hole is charged (q 6= 0) and the
cosmological constant is non-zero (Λ 6= 0), the spacetime geometry is described by the
line element (7). In fact, an event horizon appears at reh = [
9
Λ2
+6q
2
Λ
]
1
4 for a negative
cosmological constant Λ < −3/(2q2). Further, when Λ > 0, at the position rs = (6q2Λ )1/4
a singularity appears, while, when Λ < 0, this singularity can be avoided but there
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appears another singularity at r = 0 (see [50]). If this massless black hole has no charge
(q = 0) but the cosmological constant in non-zero (Λ 6= 0), then a de Sitter spacetime
geometry is obtained:
ds2 =
(
1−
√
Λ2r4
9
)
dt2 −
(
1−
√
Λ2r4
9
)−1
dr2 − r2(dθ2 + sin2 θdϕ2), (31)
with a cosmological horizon appearing at rch =
√
3
Λ
. The energy of the massless black
hole for the charged and the uncharged case, computed in the Einstein and Møller
prescriptions, is presented in Table 2.
Energy q 6= 0,Λ 6= 0 q = 0,Λ 6= 0
EE
r
2
√
Λ2r4
9
− 2q
2Λ
3
r
2
√
Λ2r4
9
EM −1
3
Λ2r5√
Λ2r4 − 6q2Λ −
1
3
Λ2r5√
Λ2r4
Table 2: Energy of the massless (M = 0) black hole solution in the Einstein and Møller
prescriptions.
In Table 3 we present the limiting behaviour of the Einstein energy and the Møller
energy for the charged and the uncharged massless (M = 0) black hole as r → ∞. In
both cases the cosmological constant is non-zero.
Energy q 6= 0,Λ 6= 0, r →∞ q = 0,Λ 6= 0, r →∞
EE ∞ ∞
EM −∞ −∞
Table 3: Limiting behaviour of the energy of the massless black hole solution in the
Einstein and Møller prescriptions.
According to the obtained results, we come to the conclusion that the Einstein and
Møller energy-momentum complexes may provide an instructive tool for the study of the
energy-momentum localization of gravitating systems, although in this work we cannot
reach a definite answer to the problem of localization. That being said, the investigation
of the problem of the energy-momentum localization in the context of the black hole
solution considered here, by applying other energy-momentum complexes as well as the
teleparallel equivalent of general relativity (TEGR), is planned as a future perspective.
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